Falling raindrops and other hydrometeors have, in general, nonspherical shapes and mean canting angles that are due to aerodynamic and gravitational forces. We use the T matrix and the quantum theory of angular momentum to compute extinction matrices, scattering and absorption cross sections, backscattering matrices, and, from these quantities, radar parameters. A monodisperse population of rain with axially symmetric distribution over orientations where the axis of symmetry is the local direction of air flow about the raindrops is considered. Oblate spheroids with axial ratios that depend on size and appropriate series of Chebyshev polynomials were assumed for definition of the shapes of raindrops. Computations were performed at common microwave frequencies for several temperatures, incidence angles, and degrees of particle wobble about a preferred orientation. Results reveal the importance of the role of orientation distribution and particle size and the shape of radar parameters in these computations for a region of moderate-sized raindrops.
Introduction
Computation of extinction and scattering of microwave radiation from hydrometeors is widely employed in atmospheric sciences for the retrieval of passive and active instruments. For these purposes, in most practical cases, hydrometeors can be modeled as axisymmetric particles such as spheroids, cylinders, and series of Chebyshev polynomials, so the Waterman T-matrix computation method is particularly effective. Despite its great ability to compute scattering properties with large size parameters, extreme geometries, or both for low dielectric constants and negligible loss ͑see, e.g., Refs. 1 and 2͒, in microwave studies of raindrops, this method has the drawback of not converging ͑with our computational resources͒ for equivolume radii r eq greater than 2.5 mm with the actual equilibrium shape ͑that is, by expanding the drop shape in a series of Chebyshev polynomials͒. Eventually, gravitation and the air stream tend to define the preferential orientation for hydrometeors in the atmosphere, generating an axisymmetric orientation distribution about the direction of alignment.
The T-matrix approach together with vector spherical function quantum theory has the advantage of analytical expressions for computing scattering parameters averaged over an arbitrary quadratically integrable orientation distribution function. 3 Reference 3 updates the method developed by Khlebtsov 4 and by Mishchenko and Travis 1 for randomly oriented and by Mishchenko 5 for axially oriented nonspherical particles; whereas Khlebtsov 4 analytically solved the scattering problem, Mishchenko 5 implemented a code for forward scattering only, because his major interest is in radiative transfer theory. The latter solution is better for this purpose, because it involves only averages of the T matrix. Paramonov's research has the drawback that the formulas for computing the average of TT* elements, which is necessary for computing the scattering matrix, involve highly nested summations, so their efficient numerical implementation is problematic.
In this paper we implement numerically the formalism that was presented in Ref. 3 for scattering cross sections and backscattering ͑and hence for radar parameters͒ of hydrometeors composed of axisymmetric particles by using an axisymmetric probability-density function as an orientation distribution about the direction of alignment. Starting from the T matrix, 2 of Mishchenko et al., 2 we implemented a procedure for analytically computing T, TT*, and TT † averaged over orientations by exploiting the symmetries of the problem. From these quantities all other parameters of interest can be computed.
T-Matrix Method
The T-matrix method is based on the idea that, because of the linearity of Maxwell's equations, there is a linear relation between the expansion coefficients ͑we use the expansion in vector spherical functions that was used by Mishchenko et al. 2 ͒ of the incident and the scattered fields. Matrix T gives these coefficients. In case of axisymmetric particles, in the natural reference frame the T matrix is characterized by the well-known symmetry
Before resuming the analytical procedure for obtaining an orientational average, we define some useful frames of reference.
A. Frames of Reference
The physical model of hydrometeor canting together with the usual assumption of rotationally symmetric shape and the geometry of the radar dictate the use of four right-handed Cartesian coordinate systems:
• The natural frame of reference of particle A fixed to a scattering particle is chosen such that the T matrix is simple ͑z A axis along the axis of symmetry, x A and y A axes arbitrary because of rotational symmetry͒.
• The hydrometeor frame of reference H, with orientation fixed in space and the z H axis directed as the force ͑the gravitational field or the electrostatic field͒ that causes alignment. x H and y H are arbitrary if there is rotational symmetry about this axis.
• The electromagnetic wave frame of reference W, the z W axis in the direction of propagation of the wave, the x W ͑or vertical component͒ axis in the plane defined by the propagation direction, and the local vertical axis ͑z L ͒. The y W axis ͑horizontal component͒ is chosen perpendicular to the vertical component such that x W ϫ y W ϭ z W . The component of the electric field in the Oz L z W plane is the vertical component.
• The laboratory frame of reference L, with orientation fixed in space, z L axis directed in the vertical local direction, x L axis such that the electromagnetic wave is propagating in the OZX plane, with elevation angle and y L ϵ y W .
In the most common case the orientation direction is just the vertical direction, so L and H coincide. By using an approach similar to that of Holt 6 and Sturniolo et al. 7 ͑but for the hydrometeor's symmetry axis instead of the particle's axis; see Fig. 1͒ , it is possible to compute the direction ͑ sym W , sym W ͒ ϭ ͑, ␣͒ of the axis of symmetry of the hydrometeor,
where sym L is the true canting angle with respect to the local vertical plane and ␣ c is the canting angle in the polarization plane, i.e., the angle between the vertical polarization axis and the projection of the direction of alignment onto the polarization plane.
Using the relationships described above, we completely define all the variables in the problem once the direction of incidence ͑ i , i ͒ and the direction of symmetry of the hydrometeor ͑ sym , sym ͒ are known in the L frame. Note that when H ϵ L ͑i.e., sym ϭ 0͒ we simply have ϭ ͞2 Ϫ ϭ i and ␣ c ϭ 0.
In the T-matrix context, transformation between two frames is accomplished by a Euler transformation ͑see Ref. 2͒. The relevant Euler rotation angles for the problem under examination are ͑␣, ␤,
Probability-Density Function over Orientations
With respect to reference H, we define a probabilitydensity function over orientations H P͑␣, ␤, ␥͒ H3A that is square integrable in the closed domain ͓0, 2͔ ϫ ͓0, ͔ ϫ ͓0, 2͔, which can be expanded in a series of Wigner ͑D and d͒ functions as follows:
As the orientation is typically axisymmetric, we use as an orientation function P͑␣, ␤, ␥͒ ϭ H p͑␤͒͞4 2 ͑␤ is the angle formed by the direction of the axis of symmetry and the z direction of H͒, with corresponding expansion in Legendre polynomials P n :
It is important to transform the probability-density function over the orientation of the particles from reference H to reference L. Using the addition theorem for Wigner D functions results in
which expresses the expansion coefficients of the orientation distribution in the L frame. A similar expression is true for a general S frame, so, when the distribution is axisymmetric with respect to reference H, Eq. ͑7͒ becomes
Note that
Examples of possible orientation functions ͑ran-dom orientation, perfect orientation, Gaussian alignment͒ with the corresponding expansion coefficients in the hydrometeor are given by Mischchenko. 5 
Scattering Properties
Computing scattering properties needs the evaluation of averages over orientations of various combinations of T-matrix elements and of expansion coefficients of incident plane waves ͓see Eqs. ͑39͒ and ͑40͒ of Paramonov 3 ͒. We briefly summarize the first issue.
A. Orientation Average of Elements of a T-Matrix Combination
To determine various scattering properties we computed analytically the average over orientation ͑indi-cated by angle brackets͒ for several combinations of T-matrix elements in the most convenient frame of reference.
Average of T-Matrix Elements
For a generic reference frame S, (9) where M ϭ min͑n, nЈ͒. Note that the symmetry relation 5 that is present in
is satisfied for S ϭ H. 
Average of the TT* Matrix Element
By using the symmetry of the T matrix in reference A, we arrive at the average of the TT* matrix element:
The scattering problem can be solved in any frame, but it is clear that, when the H reference is used as the principal frame, the expansion coefficients of the orientation function are clear; simplified expressions can be obtained in the W frame also, by use of the simplicity of the coefficients of the incident wave.
B. Cross Sections
The extinction and scattering cross sections for a single particle are
In an ensemble of particles with an arbitrary orientation distribution function it is enough to substitute into Eqs. ͑12͒ and ͑13͒ the average of T ͑͗T͒͘ and of T*T͑͗T*T͒͘, as calculated in Eqs. ͑9͒-͑11͒. The albedo and the absorption cross section are easily computed from Eqs. ͑12͒ and ͑13͒. We obtained these quantities by using both H and W as the principal frames as a cross check.
C. Extinction Matrix
The determination of an extinction matrix has great importance both for radiative transfer applications and for the computation of some radar parameters. 
such that
As a cross check we computed the extinction matrix on a circular basis also ͑details can be found in Ref. 3͒ by computing averages of the T matrix directly in S ϭ L. By so doing, with the usual matrices of passage from CP to LP representation, we verified the consistency of our procedure.
D. Scattering Matrix On a circular ͑C͒ or a linear ͑L͒ basis the scattering matrix that relates the Stokes vector to the scattering plane is defined by
with n i along ẑ. Introducing some linear combination of the T matrix and following the notation of Paramonov, 3 we arrive at the orientationally averaged scattering matrix elements at a scattering angle ͑ s , s ͒:
where p, q, p , q ϭ 1, Ϫ1.
E. Backscattering Matrix
Using the values of the Wigner functions at backscattering transforms Eq. ͑17͒ into
The s dependence takes into account the transformation of Stokes parameters on a circular basis when an angle s is rotated ͑in the clockwise direction with respect to the direction of propagation͒. Clearly, the intrinsic properties of backscattering matrices ͑Ref. 8, p. 15 and Chap. 3͒ and single-particle and population symmetries are fully exploited for computation only of the independent parameters in a backscattering matrix.
The backscattering cross sections can be expressed in terms of backscattering matrix elements defined by Eq. ͑16͒ as
The analytical method for computing extinction and the backscattering matrix was compared with a numerical method ͑that is, a method in which the T matrix is averaged numerically over orientations͒ and with the benchmark results of Mishchenko. 5 The agreement is perfect. Time-consuming considerations yield the conclusion that, for a backscattering matrix, numerical integration over orientation angles is preferable to analytical integration in all cases except that for randomly oriented particles. For the extinction matrix, however, an analytical procedure is always faster.
F. Radar Parameters
For a general extinction matrix in which all lengths are expressed in meters and n 0 is the total number of particles per cubic meter, we can define
• Specific attenuation at vertical and horizontal polarization:
A h ϭ 4.343 ϫ 10
• Specific differential phase:
For a general backscattering matrix we can define
• Differential reflectivity, the ratio between the fraction of horizontally polarized backscattering and that of vertically polarized backscattering:
• Linear depolarization ratio, defined as the ratio of the power backscattered at vertical or horizontal polarization to the power backscattered at horizontal or vertical polarization for a horizontally or a vertically polarized incident field, respectively:
LDR T ϭ 10 log 10
• Circular depolarization ratio, defined as the ratio of the power backscattered at left-hand circular polarization to the power backscattered at right-hand polarization for a left-hand circularly polarized incident field:
Computational Results

A. Rain Modeling
We approximated raindrops as oblate spheroids with an aspect ratio following Andsager et al. 9 :
and using a series of Chebyshev polynomials with coefficients given by Chuang and Beard. 10 For these particles the T-matrix method converges to 4.5-mm diameter ͑in fact, raindrops in the millimeter regime are deep inside the resonance region͒, whereas for spheroids convergence is obtained for a whole range of physical diameters ͑D Յ 9 mm͒.
As illustrative examples of rain modeling we compute results for various scattering parameters of a monodisperse population of raindrops with different orientation distributions: at 19.4 GHz with refractive indices m ϭ 5.3364 ϩ i2.9744 at 0°C and m ϭ 6.74841 ϩ i2.76453 at 20°C, at 37 GHz with refractive indices m ϭ 3.9305 ϩ i2.4295 at 0°C and m ϭ 5.1083 ϩ i2.8087 at 20°C, and at 85.5 GHz with refractive indices m ϭ 2.84950 ϩ i1.51920 at 0°C and m ϭ 3.48450 ϩ i2.08120 at 20°C. This analysis is similar to that studied by Sturniolo et al., 7 but, in that research, Wang particles were used.
B. Scattering Properties and Radar Parameters
As we increase the typical resonance patterns with ridges and valleys are observed in all scattering properties with increasing oscillations ͑even if with decreasing depth͒.
With regard to Z h , great departures ͑as much as 18, 12, and 8 dB at 19.4, 37, and 85.5 GHz, respectively͒ from equivolume spheres are found ͑e.g., for Fig. 2 , 85.5 GHz͒: As expected, Z h for spheroids overestimates ͑underestimates͒ Z for spheres at the nadir ͑side͒ view. A spheroid approximation seems to work well at side incidence, however, for both temperatures at the three frequencies the Chebyshev model never differs from the spheroid model by more than 0.15, 0.5, and 0.3 dB, respectively. At vertical incidence, differences start becoming noticeable at 37 GHz ͓e.g., an oblate spheroid model with r eq ϭ 2.2 mm has a hh value that is 60% ͑2 dB͒ greater than that of the equilibrium shaped model͔ and at 85.5 GHz ͓e.g., an oblate spheroid model with r eq ϭ 1.6 mm has a hh value that is 40% ͑1.5 dB͒ greater than that of the equilibrium shaped model͔; see Fig. 3 . Generally, spheroid approximation Z h overestimates ͑underestimates͒ the Chebyshev Z h at the nadir ͑side͒ view. At 19 GHz, differences never exceed 0.15 dB for every size and incident angle. Note that, as is well known, the temperature dependence on the refractive index has a great effect on reflectivities ͑for Fig. 2 . Difference between Z h of perfectly horizontally oriented spheroids and Z of equivolume spheres as a function of elevation angle and of particle size ͑radius of equivolume sphere͒ at 85.5 GHz and T ϭ 0°C. Fig. 3 . Z h at vertical incidence of raindrops at 20°C modeled as perfectly oriented ͑PO; diamonds͒ and Gaussian oriented ͑with ϭ 10°; hexagons͒ Chebyshev particles and as PO ͑continuous curve͒ and Gaussian oriented ͑with ϭ 10°; dashed curve͒ spheroids of raindrops at 0°C modeled as PO ͑asterisks͒ and Gaussian oriented ͑with ϭ 10°; squares͒ Chebyshev particles, and as ϭ 10°͑dotted curve͒ spheroids. PO spheroids at 0°C are assumed as zero level.
example, in Fig. 3 , the departure of the continuous curve from zero is due to differences in temperature only͒. Z DR exhibits fluctuations near the side view that are fewer in number but stronger in depth as the frequency decreases: at 19 GHz it becomes negative for very large drops ͑r eq Ͼ 3.2 mm; Fig. 4͒ , whereas at 37 and 85.5 GHz negative values are found, even at r eq ϭ 1.7 and r eq ϭ 1.25 mm, respectively. Therefore for polydispersion of raindrops, this parameter has small values at the two higher frequencies. Spheroids give a good approximation of Chebyshev shapes for this parameter, especially at 19 and at 85.5 GHz ͑differences never greater than 0.05 and 0.25 dB͒, whereas at the intermediate frequency, departures of as much as 0.65 dB are found ͑Fig. 5͒.
LDR V signals for spheroids are always low; circular depolarization ratio values are bigger than LDR ones and are influenced less by orientation distribution, especially near the side view ͑see Figs. 6 and 7͒. In particular, for all frequencies, LDR V is always less than Ϫ20 dB for Gaussian-oriented particles with ϭ 3°, except for a narrow size interval ͑3.7-4.2 mm͒ near the side view at 19.4 GHz ͑see Fig. 6 , lower curve͒. However, when there is a greater degree of particle wobble ͑such as ϭ 10°͒, the LDR V signal remains greater than Ϫ30 dB for almost every angle and size at the two lowest frequencies ͑see Fig. 6 , upper curve͒, whereas it always remains less than Ϫ26 dB at 85.5 GHz.
For these depolarization parameters, a spheroid approximation works well only at a side view. At 19.37 GHz, the differences between Chebyshev and spheroid approximations gradually increase with increasing size and elevation angle; for the highest frequency, however, even particles with r eq ϭ 2.5 mm are well inside the resonant regime, so the shape details are important and strong differences in depo- Fig. 4 . Z DR for horizontally PO spheroids as a function of elevation angle and of particle size ͑radius of equivolume sphere͒ at 19.4 GHz and T ϭ 0°C. Fig. 5 . Departures from Z DR at side incidence for PO spheroids at 0°C ͑zero level͒. Continuous curve, PO spheroids at 20°C; asterisks and diamonds, PO Chebyshev particles at 0°and 20°C, respectively. Frequency, 37 GHz. Fig. 6 . LDR V for Gaussian-oriented spheroids ͑ ϭ 10°, top curve; ϭ 3°, bottom curve͒ as a function of elevation angle and of particle size ͑radius of equivolume sphere͒ at 19.4 GHz and T ϭ 0°C. Fig. 7 . Circular depolarization ratio ͑CDR͒ for spheroids ͑Gauss-ian oriented with ϭ 10°, shaded surface; PO, lighter surface͒ as a function of elevation angle and of particle size ͑radius of equivolume sphere͒ at 85.5 GHz and T ϭ 0°C. larization parameters are found between the two approximations, even with small particles and at intermediate elevation angles ͑see, e.g., Fig. 8 for the circular depolarization ratio at 85.5 GHz͒. Therefore, if the resonant regime is effective, the interplay both of orientation distribution and of particle size and shape will crucially influence the depolarization parameters.
With respect to propagation parameters, the spheroid approximation is precise in the region of convergence. K DP becomes negative with increasing particle size, and this phenomenon is more pronounced for shorter wavelengths. Therefore negative values of this parameter are expected for populations that correspond to a high rainfall rate, especially at the two upper frequencies, as is shown, for example, in Fig. 9 , where the behavior of K DP as a function of elevation angle and rainfall rate for a population of Marshall-Palmer raindrops approximated as spheroids is plotted.
Conclusions and Applications
An analytical procedure for averaging T-matrix elements over an axisymmetric probability-density orientation distribution has been revisited and numerically implemented, with particular attention paid to extinction and backscattering matrices. Some preliminary results are shown for rain; others will follow in subsequent papers for ice and mixed clouds, always modeled with spheroids.
The method described in this paper can be useful for the most-recent radiative transfer codes that are able to take into account preferential orientation of hydrometeors ͑see, e.g., Refs. 11 and 12͒ by computing the extinction matrix and the dependence of scattering parameters on incident angle. More specifically, the computation of radar parameters can be directly compared with experimental outputs of cloud radars ͑see, e.g., Refs. 13 and 14͒ in which natural precipitation was observed or of scatterometers ͑see, e.g., Refs. 15 and 16͒ in which synthetic hydrometeors were observed. Fig. 8 . Difference between circular depolarization ratio ͑CDR͒ computed with Chebyshev and spheroid approximations as a function of elevation angle and of particle size ͑radius of equivolume sphere͒ at 85.5 GHz and T ϭ 0°C. Fig. 9 . K DP in degrees per kilometer for PO spheroids at 37 GHz as a function of elevation angle and rainfall rate ͑RR͒ for a population of Marshall-Palmer spheroidal raindrops at T ϭ 0°C.
